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Electroweak Sudakov corrections of the form a n log m s/M^y z are summed using renormalization 
group evolution in soft-collinear effective theory (SCET). Results are given for the scalar, vector 
and tensor form-factors for fermion and scalar particles. The formalism for including massive gauge 
bosons in SCET is developed. 
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The Large Hadron Collider (LHC) will study pro- 
cesses at energies yfs much larger than the masses of 
the W and Z bosons. Radiative (Sudakov) corrections 
to such processes contain logarithms L = \og{s/M^ v z ), 
and one gets two factors of L for each order in pertur- 
bation theory [if. At LHC energies, these Sudakov cor- 
rections are not small — a typical electroweak correction 
aL 2 /(47rsin 2 9 W ) ~ 0.15 at y/s = 4 TcV. It is important 
to include these radiative corrections, since many new 
physics searches at the LHC look for small deviations 
from the standard model rate in high energy processes. 

Electroweak Sudakov effects have been extensively 
studied recently @, S S S !, 0, S i, M, EL M 0, M 
fl5l |. Previous methods have relied on infrared evolution 
equations Q , based on an analysis of the infrared struc- 
ture of the perturbation theory amplitude and a factor- 
ization theorem for the Sudakov form factor [Ri|. These 
summations have been checked against one-loop [H, [tj [l(| 
and two-loop [III, d E3, Q d computations. 

In this paper, electroweak Sudakov corrections will be 
summed using SCET [HOI]. An advanta S e of the SCET 
approach is that it divides the full computation into sev- 
eral simpler pieces, each of which involves a single scale — 
the matching corrections at s and M^ z , and the op- 
erator anomalous dimension. This allows one to easily 
identify which quantities are universal, and which ones 
depend on the specific process, and to extend the results 
to new processes. The physical quantity we study is the 
Sudakov form factor — the amplitude F(s) = (pi,p 2 \O\0) 
for two on-shell particles to be produced from the vac- 
uum by an operator 0, with s = (pi + p 2 ) 2 . F(s) for the 
fermion vector current ip^^tp for massless fermions has 
been computed previously, and so allows us to check the 
SCET results against other methods. We also compute 
F(s) for a general fermion bilinear ipTij>, for scalar opera- 
tors (jy 4> and D^tfi, and for tpcj), which are new results. 
The extension to massive fermions and scalars, including 
Higgs exchange corrections from the Yukawa couplings, 
is given in a longer article [l9j |. 

The Sudakov form factor involves two energetic parti- 
cles. LHC processes, such as 2-jet production, top pair 
production or squark production, typically involve four or 
more energetic particles. With our calculation method, it 
is easy to extend the results given here to these processes 
measured at the LHC without further computations — 
the anomalous dimensions and matching conditions in 



the effective theory are given by summing the results for 
the Sudakov form factor over all pairs of particles, and 
correcting for wavefunction renormalization (l9| . 

We use the theory of Ref. [l5j, a SU(2) spontaneously 
broken gauge theory with a Higgs in the fundamental, 
where all gauge bosons get a common mass M. It is 
convenient, as in Ref. [HI, to write the group theory fac- 
tors using Cp, Ca, Tp and rip, where 2np is the number 
of weak doublets. 1 We discuss this theory in the bulk 
of the paper, and show how the results are modified for 
the SU(3) x SU(2) x U{1) gauge theory of the standard 
model at the end. One important difference between the 
electroweak theory and QCD is that the gauge boson is 
massive, and we explain the formalism needed to include 
massive gauge bosons in SCET. We use the notation 
o(m) = «(a0/(47t), L q = logQ 2 /^ 2 , L M = logM 2 /^ 2 . 

We will compute the Sudakov form factor Fp(Q 2 ) in 
the Euclidean region for the spacelike process (p2\0\pi) 
with Q 2 — — (p 2 — Pi) 2 > to avoid branch cuts 
in the Feynman integrals. The calculation will follow 
the discussion of deep-inelastic scattering as x — > 1 in 
Ref. [H (see also Ref. (U). The timelike Sudakov form 
factor is then given by analytic continuation, F(s) = 
F E (-s - i0+), so that log(Q 2 /^ 2 ) -> log(s/V 2 ) - in. 

The hrst step in the SCET computation is to match 
from the operator O in the full theory to the operator O 
in SCET at the scale fi ~ Q, 



i><t> 



expC( M ) [U P2 W n ]T[Wkn, Pl ] 
expC( M ) [$l P2 W n }[W^n, Pl ] 
expC(M) [$l P2 W n ]i(Vi +V 2 r[W^n, Pl ] 



expCV) [£n,pM[W!$ 



(1) 



where Wi =pi +g(n-A n<q )% , iT> 2 = p 2 + g(n- A„- g )f, 
£,<!>, A are the SCET fermion, scalar, and gauge fields, 
and C(/i) depends on the operator being matched. We 
have written the matching coefficient as exp C rather 
than C for later convenience. The n-collinear direction 
is defined to be along p 2 , and the n-collinear direction 
along pi, with n = (1,0,0,1) and n = (1,0,0,-1). The 



1 Note that the results only hold for Ca = 2, since for an SU (N) 
group with N > 2, a fundamental Higgs does not break the gauge 
symmetry completely. 
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FIG. 1: Graphs contributing to the matching condition 
C(a(Q)). The solid line can be either a fermion or scalar. 
The second graph only exists for the scalar case O = icjy _D M 0. 



FIG. 2: SCET (a) n-collinear, (b) n-collinear and (c) ultrasoft 
graphs for the matrix element of O. The dotted lines are 
SCET propagators, and represent either fermions or scalars. 
There are also wavefunction graphs. 
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TABLE I: One-loop corrections to the Sudakov form-factor. 
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(i) 



and D' 1 ' are the coefficients of a(/t), and X 



-L 2 M + 2L M L Q -5tt76. 



light-cone components of a four- vector p are denned by 
p + = n ■ p, p~~ = n ■ p. As is well-known, the match- 
ing coefficient can be computed as the finite part of the 
full theory graph, evaluated on-shell, with all infrared 
scales, such as the gauge boson mass set to zero (see 
e.g. [2(| The graphs to be evaluated are those in 

Fig. [T] and the wavefunction graphs. The computation 
for O — t/jj^ip is identical to that for DIS [20(, since the 
gauge boson mass is an infrared scale, and can be set to 
zero in the matching computation. The one-loop values 
of C(p) for the other cases are computed similarly, and 
are given in TablelH where C{fi) = C^a(fi)/(4n) defines 
the one-loop correction C^> . The matching coefficient at 
the high scale will be chosen to be C(/i = Q), and is given 
by the second column in Table [T] with Lq — > 0. There are 
no large logarithms in this matching correction. 

The renormalization group evolution of expC(/x) is 
given by the anomalous dimension of O in SCET. The 
anomalous dimension is given by the ultraviolet coun- 
tcrtcrms for the SCET graphs in Fig. [J] (after zero-bin 
subtraction, see Ref [23j). The ultraviolet divergence 
does not depend on the infrared properties of the the- 
ory, such as a gauge boson mass, and for O = ip-f^ip 
is identical to the DIS result [20]. The computations 
for the other cases is similar, and the results are given 
in Table [l] where /i dC /d/i = 71 . The anomalous di- 
mension 71 is used to evolve C(p) from fi = Q down to 
the low scale \i = M. The SCET anomalous dimension 
is linear in Lq = logQ 2 /// 2 [17], and this form persists 
to all orders in perturbation theory [2(| [24[ , so we will 



write 7i(/u) = A\{a{fi))\-Q + B\{a{n)). We will denote 
the one-loop corrections by 71 
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A\ a and 



B x = B^a. 

The final step in the computation is the matching con- 
dition at the low scale p = M . At this scale, the massive 
gauge boson is integrated out, and one matches to an ef- 
fective theory which is SCET without the massive gauge 
boson. In our toy example, this effective theory contains 
no gauge particles. In the standard model, the effective 
theory has photons and gluons, but no W and Z bosons. 
The matching at ji = M is given by evaluating the graphs 
in Fig. [21 and the wavefunction graphs. This computa- 
tion is discussed in detail for O = tp^y^ip, since it involves 
new features not discussed earlier in the literature. 

The n-collinear graph gives (omitting the factor C(/x)) 
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(27r) d (p a - k) 2 7 



-n-kk 2 - M 2 ' 
(2) 



This integral is divergent, even in 4 — 2e dimensions with 
an off-shellness, and needs to be regulated. We will reg- 
ulate the integral by analytically continuing the fermion 
propagators, using an extension of the method given in 
Ref. [251 ] . The pi propagator denominator (pi — k) 2 in the 
full theory is analytically continued to 



2\<5i 



(Pi - kf 



[(Pi-m 



2ll+<5> 



(3) 



where Vi and Si are new parameters. The (p2 — k) 2 de- 
nominator in Eq. {2} arises from the collinear P2 prop- 
agator, and so gets modified as in Eq. ([3]). The — n ■ k 
propagator in Eq. @ arises from the (p% — k) 2 propgator 
when k becomes n-collinear. In this limit 
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2\8i 



(Pi - kf 



[(n-pi)(-n ■ k)} 



l+<5i 



(4) 



We will therefore analytically continue the —n-k propaga- 
tor in Eq. (TJJ) , which arises from the W n Wilson line [18| 
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in O using 
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-n ■ k 



(-n ■ fc) 1+<51 



(5) 



where v x = u 2 /p^. With this choice, Eq. ([2|) gives 



2 \ ° 
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(6) 



The regulated value of /„ is given by setting Si = nS and 
taking the limit (5 — > first, followed by e — > [25| . 
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which is a boost invariant expression, since v 2 /p 2 is 
boost invariant. 

The n-collinear graph is given by Eq. ^ with the re- 
placements Si <-* <5 2 , ^ 2 — * i/i, i/f — * v% , p 2 — * Pi , 
with z/j" = v 2 /p 2 ■ The parameters ^ and ^-f play the 
same role as in the rapidity regularization method of 
Ref. [13. 

The ultrasoft graph in Fig. [2] is regulated by the same 
method. The p 2 propagator {p 2 — k) 2 is multipole ex- 
panded in the effective theory, and becomes —p 2 k + , 
where p 2 is a label momentum (the p 2 subscript on £, n ,p 2 )• 
Using Eq. © for the fermion propagators, we see that 
after multipole expansion, they are regulated in the same 
way as the Wilson line propagators. The ultrasoft graph 
gives 



I s = -ig 2 C f 



d d k 



X7 P 



(27r) d [n ■ {p 2 - k)Y+^- 



[n • (pi - a k 2 -M 2 



(8) 



v\lv 2 , and 



where we have used 

Q 2 = p\p 2 ■ The dependence on ri, 2 ,<5 and v 2 has 
dropped out. The 1/e poles are cancelled by the ultra- 
violet counterterms in the effective theory, and give the 
same anomalous dimension as in Table [I] The contribu- 
tions of the various diagrams to the anomalous dimen- 
sion in our calculation is different from that in previous 
results using an off-shell regulator [20j], where the ultra- 
soft graph is non-zero, and contributes to 71. The finite 
part of Eq. © gives the multiplicative matching correc- 
tion expD(^i), D(/i) — a(fj.) / (4:Tr) when the massive 
gauge boson is integrated out. The other cases are com- 
puted similarly, and are given in Table |T] The massive 
gauge boson can be integrated out at the scale \i = M, so 
that Lm — > 0. In this case, there are no large logarithms 
in the matching, since Lq only occurs multiplied by Lm 
in DUl). This is an accident of the one- loop computa- 
tion pj| . We show in Ref. that in general, one can 
have a single power of Lq in the matching condition D 
at higher order. This is consistent with Eq. (©, which 
has a single Lq term if /x is chosen to be of order, but not 
exactly equal to, M. 



The theory below /i = M, SCET with the massive 
gauge boson integrated out, is a free theory in our exam- 
ple, so the operator matrix elements are given by their 
tree-level value. There is no need to introduce any prop- 
agating gauge modes below M [26j . The one-loop renor- 
malization group improved value for the Sudakov form 
factor is Eq. (Tit)]) with 7 2 — > 0. This can be compared 
with fixed order results by expanding this in a power 
series expansion in a(M), and correctly reproduces the 
known aL, a 2 L and a 2 L 3 terms. Including, in addi- 
tion, the known two-loop cusp anomalous dimension [27j , 
which gives the two-loop value for A\ reproduces the 
a 2 L 2 term. The a 2 L term requires the two- loop B\ term 
in 71. Including the two-loop cusp anomalous dimen- 
sion sums the LL and NLL Sudakov series. The two-loop 
value for B\ involves graphs with Higgs loops, and is not 
known. 



The results can be extended to the Sudakov form factor 
in the standard model. The form-factor has to be com- 
puted separately for ip^^ Pl,r^ since the theory is chiral. 
The operators ^Pl,r^ and •tpa^ 1 'Pl,riP are not gauge in- 
variant, so we do not consider them. We give the results 
in the limit of massless external particles, so that Higgs 
exchange contributions can be neglected. Flavor mixing 
and Higgs contributions can easily be included [lj|- 
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SCET contribution I n 
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The matching at Q and the anomalous dimension 
71 for the other operators are given by replacing (xCf 
by J2i a i^Fi, where a 3 = a s , a 2 = a/ sin 2 9 W , 
ai = a/ cos 2 9w, Cf3 and Cf2 are the color and weak 
Casimirs, and Cpt is Y 2 , where Q = T3 + Y. The form- 
factor is evolved down to a scale of order the gauge bo- 
(9)son mass. For definiteness, we choose [i = Mz, at which 
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TABLE II: F E (Q 2 ) for electron production via Lj^PlL, and 
u-quark production via Q^^PlQ, where L and Q are the lep- 
ton and quark doublets. 

point the W and Z are integrated out. 2 The multiplica- 
tive matching correction at = Mz is given by adding 
Dwith aCp — * a(T 3 -sin 2 6 W Q) 2 /(sin 2 W cos 2 W ) and 
M = M z to D with «C F -> a(T 2 - If ) / sin 2 W and 
M = Mw Below this scale, the theory reduces to a 
gauge theory with gluons and photons, so the operator 
coefficient has an anomalous dimension 72 (p) equal to 71 
with the replacement o.Cf — > asC^ + aQ 2 . The final 
expression for the form-factor in the standard model is 
then 

r Mz du 

logF £ (Q 2 ,/,) = C(p = Q) + AiM 

+D z , w {v = M z ) + [ -^7 2 (/x). (10) 

This equation is used to evolve O down to some low-scale, 
which depends on the physical process being considered. 
The /i dependence cancels between the operator anoma- 
lous dimension, and the matrix element computed in the 

2 One can also integrate out the Z and W sequentially in two 
steps. This sums powers of log Mz/Mw, which is a large log in 



effective theory. For example, if one is interested in the 
cross-section for two-jet events, fi can be chosen to be 
the jet invariant mass, and the cross-section computed in 
SCET [H]. 

Equation (fTP)) can be used to compute the electroweak 
radiative corrections. Table |TT] gives the numerical val- 
ues of Fe(Q 2 ) for a few sample values of parameters, for 
scaling down to [i — Mz, and to /1 = 30 GeV, the typi- 
cal invariant mass used to define a jet at the LHC. The 
numerical values are slightly smaller than the estimate 
in the introduction, because of cancellation between the 
two terms in the anomalous dimension oc 4Lq — 6. 

The Sudakov form factor was considered here because 
it provided a simple example of our method, with the ef- 
fective theory operator involving only two external fields. 
The same methods can be applied to processes of direct 
relevance to the LHC, such as quark pair production, 
or the production of new particles such as squarks [l9j |. 
These applications require operators involving four exter- 
nal fields. The dominant part of the anomalous dimen- 
sion (the Lq term) for four-particle operators is twice that 
for the two-particle operators, so the radiative corrections 
for pair production are about twice as large as those com- 
puted here. The effective theory method readily gener- 
alizes to particle production, and to other applications. 
In particular, it is possible to include SU(2) x 17(1) mix- 
ing effects (i.e. Mw ^ Mz) as show here, and to include 
Higgs radiative corrections, which depend on the large 
t-quark Yukawa coupling. A more extensive discussion is 
given in a longer publication [l9j ]. 
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